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Abstract
Complete residue systems play an integral role in abstract algebra and
number theory, and a description is typically found in any number
theory textbook. This note provides a concise overview of complete
residue systems, including a robust definition, several well-known re-
sults, a proof to the converse of a well-known theorem, ancillary re-
sults pertaining to an application arising from the study of the roots of
nonnegative matrices, and extends our knowledge of complete residue
systems in relation to complete sets of roots of unity.
Keywords: complete residue system, greatest common divisor, root
of unity.
1 Introduction
Complete residue systems play an integral role in abstract algebra and
number theory, and a description is typically found in any number the-
ory textbook (see, for instance, [4, 1, 3]). In Section 1, we provide a concise
overview of complete residue systems, including a robust definition, several
well-known results, and a proof to the converse of a well-known theorem.
In Section 2, we derive ancillary results pertaining to an application arising
from the study of the roots of nonnegative matrices, which extend, to a
certain extent, Theorems 65 and 66 in [1].
2 Complete Residue Systems
Our discussion of complete residue systems begins with the following defi-
nition.
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Definition 1. Let R = {a0, a1, . . . , ah−1} be a set of integers, and for h > 1
an integer, let R(h) = {0, 1, . . . , h − 1}. Then R is said to be a complete
residue system (modh), denoted CRS(h), if the map f : R → R(h) defined
by
ai → qi := ai (modh)
is injective or, equivalently, surjective.
With the aforementioned definition, we readily glean the following equiv-
alent properties if R is a CRS(h):
(P1) if i 6= j, then qi 6= qj ;
(P2) if i 6= j, then ai 6≡ aj (modh); and
(P3) for a ∈ Z, if a ≡ ai (modh), then a 6≡ aj (modh) for all j 6= i.
The next two results are well-known number-theoretic results (see, for in-
stance, [4, Theorem 3.3], [5, Theorem 4.6 and Corollary 4.7] or [1, Theorems
54 and 55]).
Theorem 2. If gcd (k,m) = d, then ka ≡ kb (modm) if and only if a ≡
b (mod(m/d)).
In particular is the following useful case.
Corollary 3. If gcd (k,m) = 1, then ka ≡ kb (modm) if and only if a ≡
b (modm)
Theorem 4. If {a0, a1, . . . , ah−1} is a complete residue system (modh) and
p ∈ Z, then {pa0, pa1, . . . , pah−1} is a complete residue system (modh) if
and only if gcd (p, h) = 1.
Remark 5. Quite frequently in the literature (see [1, Theorem 56], [4, The-
orem 3.5], [5, Section 4.1, Exercise 10], [2, Theorem 20(i)], or [3, Theorem
62]), one finds only sufficiency, however, as the following proof shows, ne-
cessity holds as well.
Proof. If gcd (p, h) = 1, then, following Corollary 3, pai ≡ paj (modh) if and
only if ai ≡ aj (modh), which holds if and only if i = j.
Conversely, if gcd (p, h) = d > 1, then {a0, a1, . . . , ah−1} is not a CRS(h/d).
Thus, there exist distinct integers i and j such that ai ≡ aj (mod(h/d)),
which holds, by Theorem 2, if and only if pai ≡ paj (modh), i.e.,
{pa0, pa1, . . . , pah−1} is not a CRS(h).
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3 The Application
For h > 1, let ω := e
2pii
h ∈ C and Ωh :=
{
1, ω, . . . , ωh−1
} ⊆ C, i.e., Ωh ={
z ∈ C : zh − 1 = 0}.
Theorem 6. If {a0, a1, . . . , ah−1} is a set of integers, then
{ωa0 , ωa1 , . . . , ωah−1} = Ωh if and only if {a0, a1, . . . , ah−1} is a complete
residue system (modh).
Proof. If {a0, a1, . . . , ah−1} is a CRS(h), then, for each k ∈ {0, 1, . . . , h −
1}, there exists one (and only one) qk ∈ {0, 1, . . . , h − 1} such that ak ≡
qk (modh), i.e., there exists an integer lk such that ak = hlk + qk. For each
such k,
ωak = ωhlk+qk =
(
e
2pii
h
)hlk+qk
= e2pilki+
2piqki
h = e2pilki·e 2piqkih =
(
e
2pii
h
)qk
= ωqk ,
so that {ωa0 , ωa1 , . . . , ωah−1} = {ωq0 , ωq1 , . . . , ωqh−1} = Ωh.
Conversely, suppose {a0, a1, . . . , ah−1} is not a CRS(h), and for every
k, let qk := ak (modh). Then {q0, q1, . . . , qh−1} ⊂ {0, 1, . . . , h− 1} so that
{ωa0 , ωa1 , . . . , ωah−1} 6= Ωh.
Corollary 7. For p > 1, let Ωph :=
{
1, ωp, . . . , ω(h−1)p
}
. Then Ωph = Ωh if
and only if gcd (p, h) = 1.
Lemma 8. If a, b, c, and h ∈ Z, then a ≡ b (modh) if and only if (a+ c) ≡
(b + c) (modh).
Proof. Note that
a ≡ b (modh)⇔ a− b = hk (k ∈ Z)
⇔ (a + c)− (b + c) = hk
⇔ (a + c) ≡ (b + c) (modh) .
Corollary 9. If {a0, a1, . . . , ah−1} is a complete residue system (modh) and
l is any integer, then {pa0 + l, pa1 + l, . . . , pah−1 + l} is a complete residue
system (modh) if and only if gcd (p, h) = 1.
Lemma 10. If a, b, c d and h ∈ Z, then (a+ hc) ≡ (b+ hd) (modh) if and
only if a ≡ b (modh).
Proof. Note that
a ≡ b (modh)⇔ a− b = hk (k ∈ Z)
⇔ (a + hc)− (b + hd) = h(k + c− d)
⇔ (a + c) ≡ (b + c) (modh) .
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Corollary 11. If {a0, a1, . . . , ah−1} and {l0, l1, . . . , lh−1} are sets of integers,
then {a0, a1, . . . , ah−1} is a complete residue system (modh) if and only if
{a0 + hl0, a1 + hl1, . . . , ah−1 + hlh−1} is a complete residue system (modh).
Proof. If {a0 + hl0, a1 + hl1, . . . , ah−1 + hlh−1} is not a CRS(h), then there
exist distinct integers i, j ∈ {0, 1, . . . , h− 1} such that (ai + hli) ≡ (aj +
hlj) (modh). Following Lemma 10, (ai+hli) ≡ (aj+hlj) (modh) if and only
if ai ≡ aj (modh); i.e., if and only if {a0, a1, . . . , ah−1} is not a CRS(h).
Definition 12. For z = reiθ ∈ C, let z 1p := r 1p e iθp and, for l ∈ {0, 1, . . . , p− 1},
let fl(z) := z
1
p e
2pili
p = r
1
p e
(θ+2pil)i
p . Thus, fl denotes the (l + 1)
th branch of
the pth-root function.
Theorem 13. If L := {l = (l0, l1, . . . , lh−1) : lk ∈ {0, 1, . . . , p− 1}}, and
(Ωh)
1
p
l :=
{
fl0(1), fl1(ω), . . . , flh−1(ω
h−1)
}
, then there exists l ∈ L such that
(Ωh)
1
p
l = Ωh if and only if gcd (h, p) = 1.
Remark 14. For any k ∈ {0, 1, . . . , h− 1}, note that
flk(ω
k) = ω
k
p · e
2pilki
p = e
2piki
hp · e
2pilki
p = e
2pii(k+hlk)
hp =
(
e
2pii
h
) k+hlk
p
= ω
k+hlk
p
so that (Ωh)
1
p
l =
{
ω
hl0
p , ω
1+hl1
p , . . . , ω
(h−1)+hlh−1
p
}
.
Proof. If gcd (p, h) = 1, then, following Corollary 9, for each k, the set
{k + hl}p−1l=0 is a CRS(p); in particular, there exists lk ∈ {0, 1, . . . , p− 1}
such that k + hlk ≡ 0 (modp), i.e., k + hlk is divisible by p. Moreover, the
set {
k + hlk
p
}h−1
k=0
is a CRS(h); indeed, following Corollary 3,(
i + hli
p
)
≡
(
j + hlj
p
)
(modh)
if and only if (i + hli) ≡ (j + hlj) (modh), which holds, following Lemma
10, if and only if i ≡ j (modh). Since {0, 1, . . . , h−1} is a CRS(h), it follows
that i = j, and the claim is established.
Conversely, suppose gcd (p, h) = d > 1. We claim that for at least one
k, there does not exist lk ∈ {0, 1, . . . , p − 1} such that k + hlk ≡ 0 (modp);
suppose the assertion is false so that for each k, there exists lk such that
k + hlk ≡ 0 (modp), i.e., there exists an integer qk such that k + hlk = pqk,
or hlk = pqk− k so that pqk ≡ k (modh). Since k ∈ {0, 1, . . . , h− 1}, the set
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{pqk}h−1k=0 is a CRS(h), establishing a contradiction since gcd (p, h) 6= 1. Fol-
lowing Remark 14, at least one exponent in the set (Ωh)
1
p
l :=
{
ω
k+hlk
p
}h−1
k=0
is not an integer so that (Ωh)
1
p
l 6= Ωh.
Corollary 15. If L := {l = (l0, l1, . . . , lh−1) : lk ∈ {0, 1, . . . , p− 1}}, and
(Ωh)
q
p
l :=
(
Ωqh
) 1
p
l or (Ωh)
q
p
l :=
(
(Ωh)
1
p
l
)q
, then there exists l ∈ L such that
(Ωh)
q
p
l = Ωh if and only if gcd (h, p) = gcd (h, q) = 1.
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